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1 Introduction 

A complex space form is an n-dimensional Kaehler manifold of constant holomorphic sectional curvature c and it 
is denoted by M n (c). A complete and simply connected complex space form is complex analytically isometric to a 
complex projective space CP™, a complex Euclidean space C™ or a complex hyperbolic space CH n if c > 0, c = 
or c < respectively. 

Let M be a real hypersurface in non-fiat complex space form M„(c), c ^ 0. Then an almost contact metric 
structure (cp, £, rj, g) can be defined on M induced from the Kaehler metric G and complex structure J on M n (c). 
The structure vector field £ is called principal if A£ = a£, where A is the shape operator of M and a = r](A£) is a 
smooth function. A real hypersurface is said to be a Hopf hypers ruface, if £ is principal. 

The study of real hypersurfaces in M n (c), c ^ is a classical problem in the area of Differential Geometry. 
In [20], [21] Takagi was the first who studied and classified homogeneous real hypersurfaces in CP" and showed 
that they could be divided into six types, namely A\, A-z, B, C, D and E. In the case of CH n Berndt (see 
[1]) classified real hypersurfaces with constant principal curvatures, when £ is principal. Such real hypersurfaces 
are homogeneous. Recently, Berndt and Tamaru in [2] have given a complete classification of homogeneous real 
hypersurfaces in CH n , n > 2. 

The structure Jacobi operator plays an important role in the study of real hypersurfaces in complex space 
form. It is denoted by I and is given by the relation IX = R(X, £)£. Various results concerning different types 
of parallelness of I have been established. Ortega, Perez and Santos in [14] proved the non-existence of real 
hypersurfaces in non-flat complex space form with a parallel structure Jacobi operator, i.e. Vj! = 0, X <G TM. 
Perez, Santos and Suh in [18] continuing the work of [14] considered the weaker condition Vx' = for any 
vector field X orthogonal to £, (D-parallelness). They proved the non-existence of such real hypersurfaces in 
CP™, n > 3. The condition of ^-parallel structure Jacobi operator, i.e. V^Z = 0, has been studied in combination 
with other ones ([6], [7], [8], etc). 
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Conditions concerning the Lie derivative of the structure Jacobi operator is another issue that has been studied 
extensively. More precisely, in [16] the non-existence of real hypersurfaces in CP™, (n > 3), whose Lie derivative 
of the structure Jacobi operator with respect to any vector field X vanishes, i.e. £>xl = 0, is proved. On the other 
hand, real hypersurfaces in CP™, n > 3, whose Lie derivative of the structure Jacobi operator with respect to £ 
vanishes, i.e. L^l = 0, are classified (see [17]). Ivey and Ryan in [4] extend some of the above results in CP 2 
and CP 2 . More precisely, they proved that in CP 2 and CP 2 no real hypersurfaces satisfying condition &x I = 
for any vector field X exists, but real hypersurfaces satisfying condition Z^l = exist and they classified them. 
Additional, they proved that no real hypersurfaces in CP™ or CP™, n > 3, satisfying condition £xl = 0, for any 
vector field X exist. 

Another condition concerning the structure Jacobi operator which has been studied is L^l = V^l. More 
precisely, Perez and Santos in [19] classified real hypersurfaces in CP™, n > 3, and the author with Ph. J. Xenos 
in [15] classified real hypersrufaces in CP 2 and CP 2 equipped with structure Jacobi operator satisfying the latter 
condition. 

Apart from the structure Jacobi operator, the shape operator of real hypersurface also plays an important role in 
the study of them. Different types of parallelness for the shape operator such as ^-parallelness, pseudo-parallelness 
etc have been studied ([12], [9], [11]). In [13] the non-existence of real hypersurfaces in complex space form with 
parallel shape operator, i.e. V xA = 0, X 6 TM is referred. Additionally, Kimura and Maeda in [10] classified 
real hypersurfaces in complex projective space whose shape operator is ^-parallel, i.e. A = 0. Finally, the Lie 
derivative of it has also been studied. Ki, Kim and Lee [5] classified real hypersurfaces in complex space forms 
whose shape operator is Lie ^-parallel, i.e. C^A = 0. 

From the work that so far has been done, the general case of studying real hypersurfaces in complex space form 
M n (c), c ^ 0, whose Lie derivative of a tensor field with respect to a vector field X orthogonal to £ coincides with 
the covariant derivative of it in the same direction raised naturally. 

More precisely, in the present paper real hypersurfaces in CP 2 and CP 2 , whose structure Jacobi operator 
satisfies the relation 



are studied and the following theorem is proved 

Theorem 1.1 There do not exist real hypersurfaces in CP 2 or CH 2 , whose structure Jacobi operator satisfies 
relation (1.1). 

Additional real hypersurfaces in CP 2 and CP 2 , whose shape operator satisfies relation 



are studied and the following theorem is proved 

Theorem 1.2 There do not exist real hypersurfaces in CP 2 or CH 2 , whose shape operator satisfies relation (1.2). 

2 Preliminaries 

Throughout this paper all manifolds, vector fields etc are assumed to be of class C°° and all manifolds are assumed 
to be connected. Let M be a connected real hypersurface immersed in a non-flat complex space form (M„(c), G) 
with complex structure J of constant holomorphic sectional curvature c, c ^ 0. Let N be a locally defined unit 
normal vector field on M and £ = —JN. For a vector field X tangent to M we can write JX = ip(X) + 



£xl = V x ^, where X e D 



(1.1) 



£ X A = V X A, where X e D 



(1.2) 
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■q(X)N, where ipX and r){X)N are the tangential and the normal component of JX respectively. The Riemannian 
connection V in M n (c) and V in M are related for any vector fields X, Y on M 

Vyl = VyI + g(AY, X)N, V X N = -AX, 

where g is the Riemannian metric on M induced from G of M„(c) and A is the shape operator of M in M n (c). M 
has an almost contact metric structure (cp, £, rj, g) induced from J on M„ (c), where ip is a (1,1) tensor field and i) 
an 1 -form on M such that 

g(<pX, Y) = G(JX, Y), r)(X) = g(X, £) = G(JX, N). 

We thus have 

p 2 X = -X + V (X)^ r,o ( p = 0, rf = 0, r,(0 = l, (2.1) 
g(<pX, <pY) = g(X, Y) - v(X) V (Y), g(X, <pY) = -g&X, Y), (2.2) 
Vxi = tpAX, (V X ip)Y = r){Y)AX-g(AX,Y)Z. (2.3) 

Since the ambient space is of constant holomorphic sectional curvature c, the equations of Gauss and Codazzi 
for any vector fields X, Y, Z on M are respectively given by 

R{X, Y)Z = C - [g(Y, Z)X - g(X, Z)Y + g(<pY, Z)pX 

-g(<pX, Z)<pY - 2g((pX, Y)pZ] + g(AY, Z)AX - g(AX, Z)AY, (2.4) 
{V X A)Y - {V Y A)X = ^{X)pY - V (Y)pX - 2g(<pX,Y){[, (2.5) 

where R denotes the Riemannian curvature tensor on M. 

Relation (2.4) implies that the structure Jacobi operator I is given by 

IX = C - [X - f]{X)S] + aAX - n(AX)A£. (2.6) 

For every point P G M, the tangent space TpM can be decomposed as following 

T P M = span{Cs © D 

where D = ker(7?) = {X G T P M \ r)(X) = 0}. 

Due to the above decomposition, the vector field A£ can be written as 

M = at€ + PU (2.7) 

where /3 = \pV^\ and U = -4</?V 5 £ G provided that (3 ^ 0. 

3 Some Previous Results 

Let M be a non-Hopf hypersurface in CP 2 or CP 2 , i.e. M2(c), c ^ 0. Then the following relations hold on every 
three-dimensional real hypersurface in M2(c). 
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Lemma 3.1 Let M be a real hypersurface in M 2 (c). Then the following relations hold on M 

All = jU + 5(pU + /3£, A(pU = SU + fj,(pU, (3.1) 

Vc/£ = -SU + wU, V v uZ = -lM + S(pU, V£ = P<pU t (3.2) 

VuU = mcpU + 5£, V^uU = K 2 <pU + ft, V(U = nz<pU, (3.3) 

Vv<pU = -KiU-rt> V^u^U = -k 2 U -6£, V&U = -k 3 U - ft, (3.4) 

where 7, 6, p, K\, k 2 , K3 are smooth functions on M and {U, tpU, £} is an orthonormal basis o/M. 
Proof: Since g(AU, f) = g{U, A£) = P and g{AipU, f) = g(ipU, A£) = we have 

AU = ~fU + StpU + ft AtpU = SU + p<pU, 

where 7, S, fj, are smooth functions. 

The first relation (2.3), because of (2.7) and (3.1), for X = U, X = tpU and X = £, implies (3.2). 

From the well known relation Xg(Y, Z) = g{V x Y, Z) +g{Y, V X Z) forX, Y, Z e {£, U, tpU} we obtain (3.3) 
and (3.4), where Kx, k 2 and k 3 are smooth functions. □ 

Owing to relation (3.1), relation (2.6) implies 

IU = {- + «7 - ft~)U + aSipU, ItpU = aSU + (ap + ^)ipU and l£ = 0. (3.5) 

Because of Lemma 3.1 the Codazzi equation (see (2.5)) for X £ {U, tpU} and Y = £ implies the following 
relations 

= a6-26n 3 (3.6) 

£6 = «7 + /Ski + S 2 + fiK 3 + I - 7/i - 7K3 - /3 2 (3.7) 

Ua-£P = -3/35 (3.8) 

£/x = <*<$ + /3k 2 - 2<5k 3 (3.9) 

(pU> = a/3 + /3k 3 - 3/3/x (3.10) 

(<pU)p = a 7 + pKi + 25 2 + I - 2 7A i + a A i (3.11) 

and for X = [/ and Y = <pU 

US-iipU)^ = m«i - «*7 ~ £7 - 2£k 2 - (3.12) 
Up-(ipU)5 = jk 2 + p5 - K 2 p-25ni (3.13) 

We recall the following Proposition ([4]): 
Proposition 3.2 There do not exist real hypersurfaces in M 2 (c), whose structure Jacobi opeator vanishes. 

4 Proof of Theorem 1 



We consider the open subset W of points PeM, such that there exists a neighborhood of every P, where p = 
and N the open subset of points Q G M, such that there exists a neighborhood of every where p ^ 0. Since, /3 
is a smooth function on M, then W U 3\f is an open and dense subset of M. In W £ is principal. Furthermore, we 
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consider V, open subsets of N 

V = {Q G N | a = 0, in a neighborhood of g}, 
fl = {Q G N | a ^ 0, in a neighborhood of Q}, 

where V U is open and dense in the closure of N. 

Lemma 4.1 Lef M £>e a reaZ hypersurface in Mi (c), c ^ 0, whose structure Jacobi operator satisfies relation 
(1.1). Then the open subset V is empty. 

Proof: Relation (3.5) on V becomes 

IU = (| - (3 2 )U, lipU = -^pU and It = 0. 

Moreover, relation (1.1) implies 

ViyX = IV Y X, where X G D and F G Til/. (4.1) 
Relation (4.1), because of Lemma 3. 1 and the above relation implies 

(4.2) 
(4.3) 
(4.4) 
(4.5) 

Relation (3.7), because of (4.2)-(4.5) implies /3 2 = |. Differentiation of the last relation with respect to ipU and 
taking into consideration relations (3.11) and (4.2)-(4.5) leads to c = 0, which is impossible and this completes the 
proof of the present Lemma. □ 

Lemma 4.2 Let M be a real hypersurface in M% (c), c ^ 0, whose structure Jacobi operator satisfies relation 
(1.1). Then the open subset Q is empty. 

Proof: First of all, relation (1.1) implies 

ViyX = IV Y X, where IeB and Y E TM. (4.6) 

For X = U and Y = £ relation (4.6), because of (3.3) implies KslipU = 0. We consider Oi, fi' x the open 
subsets of O 



«3 


= o, 


forX 


= U and Y = 




/Vo 


= o, 


foiX 


= Y = cpU, 




Kl 


= o, 


foiX 


= Y = U, 




/' 


= o, 


foiX 


= U and Y = 


ipU 



^i = {Q £ | K3 7^ 0, ina neighborhood of Q], 
^i = {Q 6 | K3 = 0, in a neighborhood of g}, 

where £li U is open and dense in the closure of fl. 

In Sli we have lipU = 0. Relation (4.6) for X = ipU and Y = £, because of (3.4) implies k^ZC/ = 0. Since 
K3 7^ this results in IU = and so in fix the structure Jacobi operator vanishes. Due to Proposition 3.2 we obtain 
that the subset Six is empty. Thus in O relation K3 = holds. 
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Relation (4.6) for X = U and Y = U because of (3.3) and (3.5) gives 

5ki = 0, 

«i(cry — 1 — a/i) + a5i%2 = 0, 
<5(| + cry - ^ 2 + a[i) =0. 

Because of relation (4.7), we consider Sl 2 , Sl 2 °P en subsets of SI 

S^2 = {Q S S7 | 5 7^ 0, in a neighborhood of Q}, 
^2 = {Q £ SI | 5 = 0, in a neighborhood of g}, 

where Sl 2 U Sl 2 is open and dense in the closure of SI 

So in Sl 2 we obtain K\ = and relation (4.8) implies k 2 = 0. The Riemannian curvature on M is given by the 
Gauss equation (see (2.4)) and by the relation 

R(X,Y)Z = V x VyZ - Vy^xZ - V [x .y]Z. (4.10) 

The combination of relations (2.4) and (4. 10) for X = U, Y = £ and Z = ipU taking into account Lemma 3.1, 
(3.6) and Ki = « 2 = K3 = implies 6 = 0, which is a contradiction. Therefore S7 2 = and in S7 relation 6 = 
holds. 

Resuming in SI the following relations hold 

8 = K3 = and relation (4.8) becomes «i(ery — (3 2 — afi) = 0. 

Relation (4.6) owing to (3.3), (3.4) and (3.5) yields 

K 2 (cry - /3 2 - afi) = 0, foiX = Y = <pU 
+ an) = 0, for X = U and Y = ipU, 

Due to Ki (cry — /3 2 — a/i) = we consider SI3, Sl 3 be open subsets of SI 

^3 = {0 6 SI I «7 ^ /3 2 + a/i, in a neighborhood of 2}, 
^3 = {0 £ SI | cry = /3 2 + a//, in a neighborhood of g}, 

where SI3 U Sl 3 is open and dense in the closure of SI. 

Therefore in SI3 taking into account relation (4.1 1) we obtain Ki = K2 = 0. Owing to (4.12) we consider SI31, 
Sl 31 open subsets of SI3 

SI31 = {Q G SI3 I n ^ 0, in a neighborhood of Q}, 
^31 = {Q 6 O3 I yU = 0, in a neighborhood of Q}, 

where SI31 U Sl 31 is open and dense in the closure of SI3. 

In £731 we have [i = — -£z- The combination of (2.4) and (4.10) for X = cpU, Y = £ and Z = U taking into 
consideration Lemma 3.1 and (3.9) implies c = 0, which is impossible. Thus, SI31 is empty and in O3 relation 
fi = holds . 



(4.7) 
(4.8) 
(4.9) 



(4.11) 
(4.12) 
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In ^3 the combination of (2.4) and (4.10) taking into account Lemma 3.1 and (3.13) for X = U, Y = ipU and 
Z = U implies c = 0, which is a contradiction. So ft 3 is empty. 
Resuming in it the following relations hold 

S = K3 = 0, 0:7 = [B 2 + a/J, and relation (4.12). 

Owing to (4.12) let H4, Q' 4 be open subsets of it 

^4 = {Q £ SI | /i 7^ 0, in a neighborhood of Q}, 
^4 = {Q G I = 0, ina neighborhood of Q}, 

where ^4 U it' 4 is open and dense in the closure of it. 

Then in we obtain /i = — and 7=7; — and relation (3.5) leads to IU = ItpU = 0. We lead to the 
result that the structure Jacobi operator vanishes and so because of Proposition 3.2 we obtain O4 = 0. 

Thus in it we have p = and 7 = £_ and relations (3.7) and (3. 10)-(3. 12) become respectively 

/3«i + I = 0, (4.13) 

{tpU)a = aB, (4.14) 

(^C/)/3 = /3 2 +/? Kl + |, (4.15) 
B 2 B 2 

fatf)— = — (4.16) 
a a 

Substitution in (4.16), relations (4.13)-(4.15) yields c = 0, which is impossible. So it is empty and this completes 

the proof of the present Lemma. □ 
From Lemmas 4. 1 and 4.2 we lead to the following proposition 

Proposition 4.3 Let M be a real hypersruface in M% (c), c ^ 0, whose structure Jacobi operator satisfies relation 
(1.1). Then M is a Hopf hypersurface. 

Because of Proposition 4.3 we have that A£ = a£ and due to Theorem 2.1 [13], a is constant. We consider a 
point P 6 M and we choose principal vector field Z £ ker(^) at P, such that AZ = XZ and AipZ = vipZ. Then 
{Z, ipZ, £} is a local orthonormal basis and the following relation holds (Corollary 2.3, [13]) 

Xv=^{X + v)+ C -. (4.17) 

The first relation of (2.3) for X = Z and X = ipZ, because of AZ = XZ and AipZ = vipZ implies 

\7 z £ = X(pZ and V^zS, = -vZ. (4.18) 

Relation (2.6) forX 6 {Z, tpZ}, due to AZ = XZ and AipZ = vtpZ yields 

IZ = (^+aX)Z and lipZ = (| + av)ipZ. (4.19) 

Relation (1.1) taking into account(4.19) implies 

(| + av)V v zZ = l\7 vZ Z, for X = Z and Y = <pZ 
(^+aX)\7 z <pZ = l\7 z <pZ, for X = tpZ and Y = Z. 
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Taking the inner product of the latter with £, because of (4. 18) we obtain respectively 

v{- + au)=0 and A(| + aX) = 0. (4.20) 

Suppose that A, v are distinct at point P € M. Owing to the first of (4.20), we suppose that v = 0, then then 
the second implies aX = — |. Substituting the latter relations in (4.17) results in c = 0, which is impossible. If we 
suppose that av = — |, then by following the same procedure we lead to a contradiction. 

So the remaining case is that of A = v at any point P G M. Relation (4.20) yields that locally we have that 
either A = or a A = — |. In both cases substitution of these relations (4.17) leads to a contradiction. With this 
the proof of Theorem 1. 1 is completed. 

5 Proof of Theorem 2 

We consider the open subsets W, 3\f of M 

W = {P 6 M | j8 = 0, in a neighborhood of P}, 
N = {P 6 M\fi=£ 0, in a neighborhood of P} , 

where W U N is an open and dense subset of M, since /3 is a smooth function on M. In W £ is principal. So in what 
follows we work in the open subset N. 

Lemma 5.1 Let M be a real hypersurface in M2(c), c ^ 0, whose structure Jacobi operator satisfies relation 
( 1.2). Then the open subset N is empty. 

Proof: Relation (1.2) implies 

V A yX = AVy AT, where X e © and T e 7M. (5.1) 
Relation (5.1) for X = U and Y = £, due to relations (2.7), (3.1) and (3.3) implies 

AV ( U = V A £U => k 3 A^[/ = aV^lf + /3VuU 

=> -K 3 5U + («K 3 + Phi - K 3 fl)(fiU + P5£ = 0. 

so we lead to the following relations 

5 = and K^p = an 3 + (3n\. (5.2) 

Relation (5.1) for X = U and Y = tpU, taking into account the first of relation (5.2), (2.7), (3.1) and (3.3) gives 

AV vU U = V Av uU =^ K 2 AipU + pAi = fiV^uU 
(3pU + p(a - fi)£ = 0, 

from which yields 



p = 



(5.3) 
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Relation (5.1) for X = LpU and Y = £, taking into account relations (2.7), (3.1), (3.4) (5.2) and (5.3) gives 

AV^ipU = Vaz<pU => -k 3 AU - [3A£ = aV^(pU + fiVu^U 
=> ( K3 7 + /3 2 )C/ + 0(k 3 - 7K = 0, 

which implies 

k 3 = 7 and k 37 + ^ 2 = 0. (5.4) 

Substituting in the second of (5.4) the first relation of (5.4) we obtain /3 2 + 7 2 = 0, from which we have /3 = 0, 
which is a contradiction. This completes the proof of the present Lemma □ 
So because of Lemma 5.1 we lead to the following proposition 

Proposition 5.2 Let M be a real hypersurface in M^ic), c ^ 0, whose shape operator satisfies relation (1.2). 
Then M is a Hopf hypersurface. 

Because of Proposition 5.2 we have that A£ = a£ and due to Theorem 2.1 [13], a is constant. We consider 
a point P G M and choose principal vector field Z G kcr(r/) at P, such that AZ = XZ and AipZ = vipZ. Then 
{Z, tpZ, £} is a local orthonormal basis and the following relation holds (Corollary 2.3 [13]) 

\u=^(\ + u)+ C l . (5.5) 

The first relation of (2.3) for X = Z and X = tpZ implies respectively 

VzZ = XcpZ and V vZ £ = -vZ. (5.6) 

Relation (1.2) for X, Y G {Z, ipZ} taking into account AZ = XZ and AipZ = vtpZ gives 

AV^zZ = vV^zZ, for X = Z and Y = cpZ 
AVz^pZ = XV Z (fiZ, for X = <pZ and Y = Z. 

The inner product of the above relations with £ taking into account (5.6) implies respectively 

v(y - a) = and A (A - a) = 0. (5.7) 

Suppose that A, v are distinct at a point P. Owing to the first of (5.7), we suppose that v = then the second 
relation yields A = a. Substituting the latter relations in (5.5) implies c = —2a 2 , so c < and the real hypersurface 
has three distinct eigenvalues. From this we conclude that the real hypersurface is of type B in CH 2 . Substituting 
the eigenvalues of this real hypersurface in relation v = leads to a contradiction (see [1]). If we suppose that 
v = a, then by following the same procedure we lead to same conclusion. 

So the remaining case is that of A = v at any point P G M. Relation (5.7) implies that locally we have either 
A = or A = a. In both cases substitution of these relations in (5.5) leads to a contradiction. Taking into account 
all the above, proof of Theorem 1 .2 is completed. 
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